We have developed an analytical model based on the perturbation theory in order to study the optical propagation of two successive intense solitons in hollow-core photonic crystal fibers filled with Raman-active gases. Based on the time delay between the two solitons, we have found that the trailing soliton dynamics can experience unusual nonlinear phenomena such as spectral and temporal soliton oscillations and transport towards the leading soliton. The overall dynamics can lead to a spatiotemporal modulation of the refractive index with a uniform temporal period and a uniform or chirped spatial period.
We have developed an analytical model based on the perturbation theory in order to study the optical propagation of two successive intense solitons in hollow-core photonic crystal fibers filled with Raman-active gases. Based on the time delay between the two solitons, we have found that the trailing soliton dynamics can experience unusual nonlinear phenomena such as spectral and temporal soliton oscillations and transport towards the leading soliton. The overall dynamics can lead to a spatiotemporal modulation of the refractive index with a uniform temporal period and a uniform or chirped spatial period.
Raman scattering involves the transfer of a small fraction of energy of an optical field to another field at longer wavelengths via inelastic scattering with optical phonons supplied by the medium. The Raman self-frequency redshift, first observed in conventional optical fibers [1] [2] [3] , can continuously downshift the central frequency of a single pulse during propagation. With the invention of solid-silica-core photonic crystal fibers (PCFs) [4, 5] , this process has been demonstrated and extensively exploited in attaining a broad supercontinuum [6] . The main ingredients are the high confinement of light and tunability dispersion provided by these fibers. Gas-filled hollowcore (HC) PCFs with Kagome lattice have become a strong competitor for solid-silica-core PCFs [7, 8] . Besides the latter benefits, a wide range of gases with different properties offers several opportunities to demonstrate new phenomena and applications using optical fibers [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Raman scattering processes in gases are characterized by having very long molecular coherence relaxation (dephasing) time (∼ps), at least three orders of magnitude higher than silica glass. Within this time, the medium possesses a high non-instantaneous nonlinear response. A Raman-induced continuous downshift of the frequency of an ultrashort pulse propagating in a gas has been observed [21] . Moreover, a sinusoidal temporal modulation of the medium refractive index lagging the pulse has been detected by launching a delayed weak probe within the dephasing time [21] [22] [23] . Very recently, we have treated this modulation as a periodic temporal crystal [20] and we have proposed to use hydrogen-filled HC-PCFs to observe the analogue condensed matter physics phenomena, such as the Wannier-Stark ladder [24] , the Bloch oscillations [25] and Zener tunneling [26] . In this Letter, we investigate the case when the delayed pulse is another strong fundamental soliton rather than a weak probe pulse as in [20] . The delayed soliton can be treated as a particle in a moving periodic potential induced by the * Corresponding author: m.saleh@hw.ac.uk leading soliton. Phenomena such as spectral and temporal soliton oscillations as well as upgrading the temporal crystal to a spatiotemporal one are predicted here.
Pulse propagation in Raman-active gases is governed by the interplay between the Maxwell equations and the Bloch equations of an effective two-level system describing a single Raman transition. We have previously shown that this set of equations can be simplified to a single generalized nonlinear Schrödinger equation for femtosecond pulses with an energy of a few micro-Joules [20] ,
where
′ is the nonlinear Raman convolution, ψ is the pulse complex envelope, ξ is the longitudinal coordinate along the fiber, τ is the time variable in a reference frame moving with the pulse group velocity, δ = 2π/Λ is the Raman frequency shift,Λ is the corresponding oscillation period, κ is the relative strength between the Raman and Kerr nonlinearities, and the equation is in normalized units. We have assumed propagation in the deep anomalous dispersion regime to determine the pure effect of the temporal nonlocality of the Raman nonlinearity on successive intense solitons, which can occur during the soliton fission process in supercontinuum generation in gases [19] .
We are interested in investigating the propagation of two successive strong ultrashort pulses, ψ = ψ 1 + ψ 2 . The two pulses are assumed to have the same frequency, hence, they will propagate with the same group velocity, and experience the same dispersion. Also, they are not temporally overlapped, but separated by a delay less than the Raman dephasing (relaxation) times. In this case, all the nonlinear cross terms are canceled out, with the exception of the Raman polarization effect of the leading pulse on the trailing pulse. Under these conditions Eq.
(1) can be split into two equations for ψ 1 and ψ 2 ,
with j = 1, 2.
For weak Raman nonlinearities, the solutions of these equations are two perturbed fundamental solitons,
where V j , Ω j , andτ j are the j th soliton amplitude, central frequency, and temporal peak, respectively. When the soliton durations ≪ 1/δ, their Raman response functions can be approximated by using a Taylor expansion [20] ,
with l = 1, 2. Hence, the leading soliton will induce a retarded sinusoidal Raman polarization that will impact the dynamics of the trailing soliton.
To understand how Raman nonlinearities can affect the pulse dynamics, we have adopted the variational perturbation method [27] . Using this method, we have considered each Raman contribution R j as a perturbation for the associated solution (a fundamental soliton j) of its equation. A set of coupled governing equations that determine the evolution of each soliton parameters can then be derived,
Hence, the first (leading) soliton will always linearly redshift in the frequency domain with rate g 1 , and decelerate in the time domain. Whereas the dynamics of the second (trailing) soliton depends on two different components: (i) its own (self) component that will lead to a linear redshift similar to the leading soliton, with rate g 2 ; (ii) a cross component representing the effect of the first soliton on the second soliton. The latter component is proportional to the ratio between their amplitudes and the cosine of the time difference between them. Since the cosine term varies between positive and negative values, the dynamics of the second soliton can switch back and forth between redshift and blueshift in the frequency domain or deceleration and acceleration in the time domain. This analytical model shows a very good agreement with the numerical model as depicted in Fig. 1 , provided that the assumption of the soliton durations ≪ 1/δ is satisfied. Deviations from this condition results in an overestimated value of the frequency-shift rate, g, of an about a factor of 2. In Fig.  1 , t = τ t 0 , z = ξz 0 are the physical delay and propagation distance, respectively, z 0 = t 2 0 / |β 2 |, t 0 is the pulse duration, β 2 is the second-order dispersion coefficient. Also, this method can be extended easily to study the interactions of more than two solitons. Figure 2 shows four special cases of the temporal evolution of the second soliton superimposed on the total induced-Raman polarization in a reference frame moving with the leading solitonτ = τ − g 1 ξ 2 /2. V 2 is chosen smaller than V 1 so that the cross component in Eq. 4 is comparable to the self component. The leading soliton induces a lagging sinusoidal temporal modulation of the medium refractive index due to the Raman effect, resulting in a temporal crystal with periodΛ. Due to soliton acceleration or spectral redshift, a constant force −g 1 acts on the crystal in the positive-delay (right) direction [20] . Hence in the accelerated moving frame, there is an effective force acting on the trailing soliton on the other direction, similar to a particle in a moving periodic potential. The uniformity of the crystal is modified along the direction of propagation, resulting in a spatiotemporal modulation of the refractive index, i.e. a spatiotemporal crystal [29] . As we are operating in the anomalous dispersion regime, the positive (negative) variation of the refractive index represents a potential well (barrier). Based on the initial time delay between the two solitons ∆τ i , the dynamics of the second soliton is different, and the shape of the crystal is altered. Looking at Fig. 2, launching the second soliton at (a) the top of a barrier or (b) at the right edge of a well induced by the first soliton, the second soliton will be able to overcome the barriers during propagation, and transported across the potential by the applied force to the left direction. The output spatiotemporal crystals are chirped along the direction of propagation in these cases. Interestingly, the second soliton in (b) experiences a net maximum self-frequency blueshift of 9.12 THz ≡ 51.4 nm after 10 cm of propagation, before it is redshifted. Launching the second soliton at (c) the minimum or (d) a left edge of a well, the second soliton will not be able to overcome the barriers in these cases, so it is trapped inside the well and will oscillate indefinitely. The amplitude of oscillation in (c) is very small, since the initial velocity of the soliton in this potential is zero. The soliton will oscillate in an asymmetric manner due to the modified potential beyond the second soliton peak as well as the acting force that is opposite to the initial velocity as in (d). The resulting spatiotemporal crystals have uniform periods along the direction of propagation in both cases.
The temporal evolution of two successive ultrashort Gaussian pulses rather than fundamental solitons are portrayed in Fig. 3 for different time delays. The two pulses have the same central frequencies and amplitudes, and the delay is within the relaxation coherence time of the Raman-active gas. The two pulses will experience pulse compression and soliton fission processes. The leading 'first' pulse excites the Raman polarization 'potential' that will affect the trailing 'second' pulse. The dynamics of the leading pulse is independent of the time delay and will encounter a self-induced Raman redshift (deceleration). The trailing pulse dynamics is influenced by its Raman-induced effect as well as the cross-accelerated Raman polarization effect of the leading pulse. In Fig. 3 , panel (a) shows the case when the self and cross components are working together, resulting in a strong delay in comparison to the first pulse. The situation when the self and cross components acts against each other is figured in panel (b), where initially the second pulse is nearly halted since the cross and self components cancel each other. When the second pulse is launched at one minima of the potential induced by the first pulse, the pulse is well-confined during propagation, even after the pulse fission the generated solitons are still traveling together, see panel (c). Launching at one potential-maxima, the dynamics of a tree-like behavior is obtained as shown in 
panel (d)
, where each soliton propagates in a different direction. In all the cases, the dynamics of each soliton depends on where exactly this soliton is emitted inside the total accelerated periodic potential induced by other preceding solitons.
In conclusion, the propagation of two successive ultrashort strong pulses in HC-PCFs filled by Raman-active gases have been investigated. The two pulses are not temporally overlapped and separated by a delay smaller than the Raman polarization dephasing time (∼ 100 ps). We have adopted perturbation theory to understand the effect of the Raman nonlinear polarization on the dynamics of the two pulses, assuming that they are fundamental solitons with durations much less than the Raman transition period. We have found that the leading soliton will always redshift, while the trailing soliton dynamics can oscillate between redshift and blueshift processes based on the time delay between the two solitons. The second soliton can experience a boosted blueshift without experiencing losses, in contrast to the ionization-induced blueshift technique [13, 14] . The leading soliton induces an accelerated temporal crystal due to the long-living Raman polarization. This crystal is upgraded to a spatiotemporal one with a uniform or chirped spatial period beyond the trailing soliton. Our simulations have also been extended to include the case of two energetic Gaussian pulses. We have found that a good control of the trailing pulse dynamics can be achieved via changing the time delay between the two pulses. These theoretical results will pave the way to manipulate and control pulse dynamics in PCFs for novel optical applications.
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